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Wave Transport in disordered waveguides: closed channel
contributions and the coherent and diffuse fields
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Abstract. We study the wave transport through a disordered system inside a waveguide. The expectation value of the
complex reflection and transmission coefficients (the coherent fields) as well as the transmittance and reflectance are obtained
numerically. The numerical results show that the averages of the coherent fields are only relevant for direct processes, while
the transmittance and reflectance are mainly dominated by the diffuse intensities, which come from the statistical fluctuations
of the fields.
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INTRODUCTION
The wave transport through disordered systems has been of great interest in many fields of physics, where the
wave interference phenomena plays a transcendental role [1–8]. The interference phenomena that occur when a
wave propagates through a disordered medium containing a random distribution of scatterers is so complex that any
change in the microscopic realization of the disorder modifies completely the interference pattern of a macroscopic
observable [9]; therefore, only a statistical description makes sense. The complexity derives from the fluctuations in
the refractive index as in disordered dielectric medium, the randomness of the scattering potentials, as in the case of
disordered conductors with impurities or more in general, in disordered waveguides; the complexity no only derives
from the randomness of the system, it is also consequence of the multiple scattering processes. In the present work
we focus the study in the domain of disordered waveguides and in the quantum mechanics context (electron or scalar
waves), nevertheless, the method could be applied to classical waves: electromagnetic or elastic waves.
Some previous studies in quasi-one dimensional (Q1D) disordered systems have found remarkable regularities
for the statistical properties of wave transport in the sense that the statistic of macroscopic observables involves a
rather small physical parameters, the mean free paths (MFPs). Those models are in good agreement with the scaling
approaches [10–15], including the celebrated Dorokhov-Mello-Pereyra-Kumar (DMPK) [10, 16] and the non linear
sigma-model [17–19] approaches.
Most of previous works were mainly focus on the study of the statistics of the transport coefficients, i.e., the
transmittances, reflectances and the dimensionless conductance (transmission intensity), while the statistical properties
of the complex coefficients or coherent fields, were not studied in detail; moreover, in those previous approaches, the
closed channels or evanescent waves are not included in the description. For instance, the DMPK approach describes
successfully the statistical properties of the conductance, where the only relevant physical parameter is the transport or
elastic mean free path ℓ; however, the DMPK model is not suitable to describe the statistics of the complex transmission
and reflection coefficients. The models developed in Refs. [13, 14] give a more general description than the DMPK
approach. In those models, the macroscopic statistics only depends on the channel-channel mean free paths ℓaa0 and
the scattering mean free path ℓa0 : a and a0 denote, respectively, the modes or channels of the incoming and outgoing
waves. In principle, the approaches given Refs. [13, 14] are appropriate to describe the statistics of the coherent fields;
however, those models do not consider the closed contributions, which, as it is demonstrated in Ref. [20], play a
transcendental role in the statistical properties of the complex transmission and reflection coefficients.
In the present work we analyze numerically the influence of the closed channels in the macroscopic statistics
of disordered waveguides. We present numerical results for the expectation values of the complex reflection and
transmission coefficients, as well as of the corresponding intensities. In addition, we also present numerical simulations
for coherent and diffuse intensities, which have not been studied in detail in previous theoretical and numerical studies.
For that purpose we will use the extended or generalized scattering matrix (GSM) technique [8, 21–24].
FIGURE 1. Scattering problem in a waveguide. a(+)P and a
(−)
P denote N dimensional vectors, being their elements all possible
incoming open channel amplitudes. Analogously b(−)P and b
(+)
P are vectors with all possible outgoing open channel amplitudes and
b(−)Q , b
(+)
Q , are the corresponding outgoing closed channel vectors, whose dimensionality N
′ is, in principle, infinite.
STATISTICAL SCATTERING PROPERTIES OF DISORDERED WAVEGUIDES
Generalized and reduced scattering matrices
Consider a two dimensional disordered system of uniform cross section and length L inside a waveguide with
impenetrable walls, a constant width W , that is clean at both sides of the disordered region (see Fig. 1). The
disordered system, which hereafter shall be called the Building Block (BB), is represented by a random potential
U , whose microscopic model is introduced in the next section. Inside the waveguide, the solution of the wave equation
∇2Ψ+ k2Ψ = UΨ (k being the wavenumber in the clean region) is written as a series of traveling and evanescent
waves, which are associated to open and closed channels, respectively. The waveguide supports precisely N open
channels or traveling modes when N < kW/pi < N + 1, while the number of closed channels or evanescent modes N′
is, in principle, infinite.
In Fig. 1 it is shown the most general situation of the scattering problem, where incoming-waves of open channels
a
(+)
P and a
(−)
P [incoming-waves in closed channels are not allowed, so a(+)Q = a(−)Q = 0], are scattered by the disordered
system, giving rise to outgoing-waves, both in open channels (traveling modes) b(+)P , b(−)P as in closed channels
(evanescent modes) b(+)Q , b(−)Q ; the symbols + and − denote, respectively, waves traveling to the right and to the
left, while P and Q represent open and closed channel components, respectively. The scattering problem is formally
described by GSM S˜ [8], which relates open and closed channel outgoing-wave amplitudes to the open channels
incoming-wave amplitudes, i.e.,
b(−)P
b(−)Q
b(+)P
b(+)Q
= S˜

a
(+)
P
a
(+)
Q = 0
a
(−)
P
a
(−)
Q = 0
 , with S˜ =
(
r˜ t˜ ′
t˜ r˜′
)
. (1)
Even though the S˜ matrix describes completely the scattering problem, it is important to notice that the closed
channel amplitudes b(−)Q , b
(+)
Q decrease exponentially as we move away from the disordered system, which is shown
schematically in Fig. 1; moreover, those amplitudes do not contribute to the flux density current. For this reason, the
scattering problem is usually described in terms of the well known open channels or reduced scattering matrix S, that
relates open channel outgoing- and incoming-wave amplitudes in the asymptotic region, i.e.,(
b(−)P
b(+)P
)
= S
(
a
(+)
P
a
(−)
P
)
, with S =
(
r t ′
t r′
)
. (2)
Generalized scattering matrix technique
In order to study the statistical scattering properties of the BB, we consider an initial condition in which an incoming-
wave in the open channel a0 travels from left to right, so that the outgoing-waves (backward and forward) are generated
in any possible open channel a = 1, · · · ,N: from now on a0 and a will only denote, respectively, the incoming and
outgoing open channels. Under this initial condition, we are interested in the statistics of observables related to
the complex reflection raa0 (∈ r) and transmission taa0 (∈ t) coefficients as well as the corresponding reflectance
Raa0 = |raa0 |2 and transmittance Taa0 = |taa0 |2, and the dimensionless conductance g = ∑Na,a0 Taa0 , which has been
widely studied.
The statistical scattering properties of the BB, are obtained numerically from an ensemble, where each member
represents any possible microscopic realization of the disorder. For instance, the expectation values
〈
raa0
〉
,
〈
taa0
〉
,〈
Raa0
〉
and
〈
Taa0
〉
are calculated as the average over the ensemble, where the generalized scattering matrix technique
is used. To illustrate how this method is implemented, it is important to notice that each element of the reduced
matrix S, Eq. (2), is extracted from the generalized matrix S˜, Eq. (1), which in turn is calculated by combining
the generalized scattering matrices of the individual scatters of the system: see details of the combination law in
Ref. [8]. The combination law captures any possible open or closed channel transition, which are result of the multiple
scattering processes inside the disordered system. Once the reduced matrix S is known, the complex reflection raa0 and
transmission taa0 coefficients, as well as the corresponding reflectance Raa0 = |raa0 |2 and transmittance Taa0 = |taa0 |2,
are easily calculated. This procedure is repeated numerically for each microscopic realization of the ensemble, what
allows us to generate an ensemble of matrices S and consequently to obtain, numerically, the ensemble averages 〈raa0〉,
〈taa0〉, 〈Raa0〉 and 〈Taa0〉.
The implementation of the GSM method mentioned above, exhibits that the closed channel or evanescent waves
contribute implicitly to the S matrix given in Eq. (2). For this reason the S matrix of any realization of the microscopic
disorder - and consequently the statistical properties associated to S - depend formally on the closed channels, which
in general are neglected in the theoretical studies of quasi one dimensional (Q1D) disordered systems.
The GSM method also guaranties the flux conservation property S†S = I, which imposes the condition
Ta0 +Ra0 = 1, (3)
being
Ta0 =
N
∑
a=1
Taa0 , Ra0 =
N
∑
a=1
Raa0 , (4)
the total transmittance Ta0 and reflectance Ra0 , respectively; the additions on a is over any possible outgoing open
channel. Since any microscopic realization of the disorder satisfies the flux conservation property, Eq. (3), then the
statistical properties will also be consistent with this general condition.
Coherent and diffuse fields
For a given realization of the microscopic disorder the complex coefficients of the transmitted and reflected waves
can be written as the sum of the average
〈
taa0
〉
,
〈
raa0
〉 (coherent) and residual ∆taa0 , ∆raa0 (diffuse) fields, i.e.,
taa0 =
〈
taa0
〉
+∆taa0 , 〈∆taa0〉 ≡ 0, (5)
raa0 =
〈
raa0
〉
+∆raa0 , 〈∆raa0〉 ≡ 0. (6)
∆taa0 , ∆raa0 give the statistical fluctuations around the corresponding coherent fields 〈taa0〉, 〈raa0〉. In a similar way, the
transmittance and reflectance of a given realization are written in the following way:
Taa0 = |taa0 |
2 =
〈
Taa0
〉
+∆Taa0, 〈∆Taa0〉 ≡ 0, (7)
Raa0 = |raa0 |
2 =
〈
Raa0
〉
+∆Raa0, 〈∆Raa0〉 ≡ 0, (8)
where
〈Taa0〉 = |〈taa0〉|
2 + 〈|∆taa0|
2〉, (9)
〈Raa0〉 = |〈raa0〉|
2 + 〈|∆raa0 |
2〉, (10)
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FIGURE 2. Left: Schematic representation of the building block as sequence of “thin” δ -potential slices. Right: Profile of the
transverse dependence ur (y), Eq. (15), of the rth scattering unit. The random values (ur) j were generated by using the uniform
distribution of Eq. (14).
denote, respectively, the expectation values of the transmittance and reflectance coefficients, while
∆Taa0 = |∆taa0 |
2−
〈
|∆taa0 |
2〉+ 2Re(〈taa0〉∆t∗aa0) , (11)
∆Raa0 = |∆raa0 |
2−
〈
|∆raa0 |
2〉+ 2Re(〈raa0〉∆r∗aa0) , (12)
give the corresponding statistical fluctuations. Equations (9) and (10) show that the ensemble average of the trans-
mittance
〈
Taa0
〉
and reflectance
〈
Raa0
〉
are constituted of two different contributions: the coherent intensities |〈taa0〉|2,
|〈raa0〉|
2 and the diffuse intensities 〈|∆taa0 |2〉, 〈|∆raa0 |2〉.
POTENTIAL MODEL FOR THE BUILDING BLOCK
The Building Block is represented by a random potential U (x,y) (in units of k2), that is constructed as a sequence of
n (≫ 1) statistically independent and identically distributed scattering units, which are separated from each other by a
fixed distance d in the wave propagation direction x [see Fig. 2 (left)]. The scattering properties of a scattering unit, are
described by means of its extended scattering matrix s˜r, which is proportional to the so called transition matrix Tr, that
captures any possible channel-channel transition [25–27]. The thickness of each scattering unit is much smaller than
the distance d, which in turn is much smaller than the wavelength λ . The rth scattering unit (r = 1,2, · · · ,n) centered
at xr = rd, is specified by its potential Ur (x,y) (in units of k2), that is approximated as a delta potential slice in the
longitudinal direction x, with random strength ur (y) (in units of k) in the transverse direction y; therefore, the BB is a
system of length L = nd given by the following potential model:
U (x,y) =
n
∑
r=1
Ur (x,y) =
n
∑
r=1
ur (y)δ (x− xr) . (13)
The microscopic model of a delta slice that is used in the present work is shown in Fig. 2 (right), where the transverse
dependence of the rth slice ur (y), Eq. (13), is generated in the following way: i) The width of the waveguide W is
divided into m ≫ 1 segments all of them with the same length δy =W/m ≪ λ (being λ the wavelength). ii) The jth
( j = 1,2, · · ·m) segment is centered at y j = ( j− 1/2)δy and is defined by the interval y ∈ [( j− 1)δy, jδy]. iii) Inside
each interval the function ur (y) takes a constant potential value (ur) j, which is sampled from the uniform distribution
P(ur) =
1
2u0
, (ur) j ∈ [−u0,u0] . (14)
The procedure explained above generates the random profile for the rth scattering unit, which is mathematically
represented by the expression
ur (y) =
m
∑
j=1
(ur) j Θδy (y− y j) , (15)
where the Θδy (y− y j) is the finite step function that takes the value 1 if y∈ [y j − δy/2,y j + δy/2] and zero if otherwise.
FIGURE 3. Numerical results for 〈ta0a0〉 (left) and 〈ra0a0〉 (right) vs L/ℓ. Each simulation considers N = 2 propagating modes
and several evanescent modes (N′ = 0,1,2,3).
NUMERICAL RESULTS
In this section we present numerical results for the expectation values
〈
taa0
〉
,
〈
raa0
〉
,
〈
Taa0
〉
and
〈
Raa0
〉
of the BB.
The aim is to study their evolution with L and the role of the closed channels in the statistical scattering properties
of the Building Block. The influence of the closed channels is analyzed numerically by considering four numerical
simulations for the expectation values of interest. These simulations are performed for a waveguide that supports
N = 2 open channels (with kW/pi = 2.5), but each simulation takes into account N′ = 0,1,2,3 closed channels in
the calculations, respectively. The numerical expectation values
〈
taa0
〉
,
〈
raa0
〉
,
〈
Taa0
〉
, and
〈
Raa0
〉
, are obtained as
the average over an ensemble of 106 realizations of the microscopic disorder, where the scattering matrix of each
realization is generated by using the potential model of the previous section and the GSM method introduced in the
second section. As in previous works, the numerical expectation values will be plotted as function of the dimensionless
length L/ℓ, ℓ being the trasnport mean free path.
The numerical results of Fig. 3 (left) show that Re〈ta0a0〉 decreases as L/ℓ increases; this behavior becomes more
notorious as the number of closed channels (N′ = 0,1,2,3) considered in the calculations is increased. This figure also
shows that the influence of the closed channels in Im
〈
ta0a0
〉
is even more dramatic: if closed channels are not included
in the numerical simulations (N′ = 0), Im〈ta0a0〉 is small (∼ 10−2), but not strictly zero; however, when the closed
channels are considered (N′ = 1,2,3), Im〈ta0a0〉 increases one order of magnitude.
In the right panel of Fig. 3 we can appreciate a remarkable oscillatory behavior for
〈
ra0a0
〉
, which is rapidly
attenuated as L/ℓ increases, regardless the number of closed channels that are considered in the calculation. The phase
and amplitude of
〈
ra0a0
〉
depend little on the closed channels contributions. However, the most notorious dependence
on the closed channel contributions is exhibited by Re
〈
ra0a0
〉
, whose oscillations are given around a “background”
that depends on the number of closed channels considered in the calculations; in contrast, the four simulations of
Im
〈
ra0a0
〉
seem to oscillates around the same “background,” no matter how many closed channels were used in the
calculations.
Most of previous theoretical models cannot describe the numerical evidence shown in Fig. 3 for
〈
ta0a0
〉
and
〈
ra0a0
〉
,
due to the absence of closed channels. As an example, we consider Mello-Tomsovic (MT) prediction [13] for the
expectation values of the coherent fields 〈
taa0
〉(MT)
= δaa0e−L/ℓa0 , (16)〈
raa0
〉(MT)
L = 0, (17)
where ℓa0 is the scattering mean free path of the incoming open channel a0. We have verified that the MT prediction〈
ta0a0
〉(MT)
= e−L/ℓa0 is indistinguishable from the numerical result of Re
〈
ta0a0
〉
when the closed channels are not
considered in the calculation. However, once the closed channels are included (N′ = 1,2,3), Re〈ta0a0〉 decreases
faster than MT predicts, Eq. (16). In addition, the behavior Im〈ta0a0〉 6= 0 is not predicted by MT result. On the
other hand, although the numerical results of Fig. 3 (right) show that the amplitude of the oscillation of 〈ra0a0〉 is
small (∼ 10−2), this expectation value is not zero, even when the closed channels are not included; therefore, the MT
prediction
〈
ra0a0
〉(MT)
= 0 is not able to describe the numerical results shown in right panel of Fig. 3.
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FIGURE 4. Numerical results for 〈Taa0〉 and 〈Raa0〉 vs L/ℓ. Each simulation considers N = 2 propagating modes and different
evanescent modes (N′ = 0,1,2,3).
In previous studies [28, 29], it has been shown that the coherent wave fields are characterized by an effective wave
number keff, whose real part determines the phase of the coherent field, while its imaginary part represents the losses
due to scattering (often known as waveguide extrinsic losses). As the wave propagates, the amplitude of the coherent
part decays exponentially with the length L of the system. However, in a recent study [20] it has been theoretically
demonstrated that the exponential decay of the coherent fields
〈
taa0
〉
and
〈
raa0
〉
is strongly modified when the closed
channels are correctly taken into account: changes in the phase of the coherent field (i.e. in the real part of the effective
wave number) are solely related to evanescent modes, while the scattering mean free path ℓa0 is insensitive to the
closed channel inclusion. This prediction given in Ref. [20] allows us to understand the intriguing numerical results
shown in Fig. 3.
In Fig. 4, we present the complete set of numerical expectation values of the transmittance
〈
Taa0
〉
and reflectance〈
Raa0
〉
. From this figure, we can appreciate that the closed channels do not have any effect in the expectation values〈
Taa0
〉
and
〈
Raa0
〉
. In a similar way, Fig. 5 shows that the expectation values of the total transmittance
〈
Ta0
〉
=
∑Na=1
〈
Taa0
〉
and reflectance
〈
Ra0
〉
= ∑Na=1
〈
Raa0
〉
, as well as the dimensionless conductance 〈g〉 = ∑Na,a0=1
〈
Taa0
〉
=
∑Na0=1
〈
Ta0
〉
, are also insensitive to the closed channel contributions. In Fig. 5, we can also appreciate that the numerical
expectation values 〈Ta0〉 and 〈Ra0〉 satisfy the flux conservation property, Eq. (3), i.e., 〈Ta0〉+ 〈Ra0〉= 1; therefore, the
numerical results are consistent with the flux conservation property.
The numerical evidence shown in Figs. 4 and 5, confirms previous numerical results, where the closed channels
do not contribute in the statistics of transport coefficients [14]. This evidence justifies the omission of the closed
channels in the description of the statistical properties of the transport coefficients Taa0 and Raa0 , which is a common
approximation in the theoretical study of wave transport through disordered systems. The no role of the of the closed
channels in the statistics of the transport coefficients Taa0 , Raa0 and g, is theoretically explain in Ref. [20], where it
is demonstrated that the statistical properties of the transmittance and the reflectance only depends on the scattering
mean free path ℓa0 , in which the closed channels play no role.
In contrast with the numerical results shown in Fig. 3 for the coherent fields
〈
taa0
〉
and
〈
raa0
〉
, the expectation
values of the transmittance
〈
Taa0
〉
and reflectance
〈
Raa0
〉
are insensitive to the closed channel influence, which means
that both, coherent |〈taa0〉|2, |〈raa0〉|2 and diffuse 〈|∆taa0 |2〉, 〈|∆raa0 |2〉 intensities, Eqs. (9)-(10), are insensitive to the
closed channel contributions. In order to analyze the closed channel influence in both kinds of intensities, in Fig. 6
we plotted the ensemble average of the transport coefficients 〈T22〉, 〈R22〉 and the corresponding coherent intensities
|〈t22〉|2, |〈r22〉|2. Fig. 6(a) shows that the coherent field intensity |〈t22〉|2 becomes less important for large values of
L/ℓ, where the diffuse field governs the behavior of 〈T22〉. In contrast, Fig. 6(b) shows that the diffuse field 〈|∆r22|2〉
dominates the behavior of 〈R22〉 for all L/ℓ.
FIGURE 5. Panels (a) and (b) shows the numerical expectation values of the total transmittance 〈Ta0〉 and reflectance 〈Ra0〉; the
flux conservation property 〈Ta0〉+ 〈Ra0〉= 1 is also shown. In (c) it is shown the numerical expectation value of the dimensionless
conductance 〈g〉. Each simulation considers N = 2 propagating modes and different evanescent modes (N′ = 0,1,2,3).
FIGURE 6. Numerical results for (a) the transmittance 〈T22〉 and (b) the reflectance 〈R22〉, and their coherent intensities | 〈t22〉 |2,
| 〈r22〉 |
2
. Each simulation considers N = 2 propagating modes and different evanescent modes (N′ = 0,1,2,3).
CONCLUSIONS
We analyzed numerically the influence of the closed channels in the statistical scattering properties of disordered
waveguides. Our numerical results show that the statistical average of the transmittance
〈
Taa0
〉
, the reflectance
〈
Raa0
〉
,
and the dimensionless conductance 〈g〉 are insensitive to the closed channels inclusion, which is in good agreement
with previous numerical simulations. In contrast, the expectation values of complex transmission and reflection
coefficients, i.e., the coherent fields
〈
taa0
〉
,
〈
raa0
〉
depend drastically on the closed channel contributions. Since the
numerical results show that the coherent intensities |〈taa0〉|2, |〈raa0〉|2 do not depend strongly on the closed channels
inclusion, then closed channels modify mainly the phases of the coherent fields
〈
taa0
〉
,
〈
raa0
〉
.
The numerical results also exhibit that the transmittance
〈
Taa0
〉
and the reflectance
〈
Raa0
〉
are mainly dominated
by their corresponding diffuse 〈|∆taa0 |2〉, 〈|∆raa0 |2〉 intensities: the coherent intensity of the transmittance |〈taa0〉|2,
decreases rapidly as the length L of the disordered region increases, while the coherent intensity of the reflectance
|〈raa0〉|
2 is negligible for any value of L.
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